Abstract. We give a characterization of closed, simply connected, rationally elliptic 6-manifolds in terms of their rational cohomology rings and a partial classification of their real cohomology rings. We classify rational, real and complex homotopy types of closed, simply connected, rationally elliptic 7-manifolds. We give partial results in dimensions 8 and 9.
Introduction
A closed, simply connected manifold M is called rationally elliptic if
For a rationally elliptic space X we additionally require that X satisfies k≥0 dim H k (X; Q) < ∞. The importance of rationally elliptic manifolds for Riemannian geometry mainly stems from the conjecture, attributed to Bott, that a closed, simply connected manifold of (almost) nonnegative sectional curvature is rationally elliptic.
A positive answer to this conjecture would, for example, imply Gromov's conjecture that the bound for the sum of the Betti numbers of a nonnegatively curved n-manifold is bounded by 2 n , see [5] and [15] for an improved estimate for simply connected spaces.
Rationally elliptic spaces have some nice properties. For example, by the work of Halperin [8] the rational cohomology ring H * (X; Q) of a rationally elliptic space X satisfies Poincaré duality and the sequence of the Betti numbers of the loop space ΩX grows polynomially, i.e. k i=0 b k (ΩX) ≤ k m for some integer m, while for a rationally hyperbolic space it grows exponentially (see [3, Proposition 33.9] .
Examples of rationally elliptic manifolds include homogeneous spaces and biquotients of compact Lie groups (by a theorem of Hopf) and cohomogeneity one manifolds (see [7] ). Furthermore, if F → E → B is a fibre bundle where E, F and B are manifolds, then if two of these spaces are rationally elliptic, so is the third.
The classification of closed, simply connected, rationally elliptic manifolds of dimension five or less is well known: Fact 1.1. A closed, simply connected, rationally elliptic manifold of dimension five or less is
• diffeomorphic to S 2 or S 3 ,
• homeomorphic to S 4 , S 2 × S 2 , CP 2 , CP 2 #CP 2 or CP 2 #CP 2 , or
• rationally homotopy equivalent to S 5 or S 2 × S 3 .
Note that there are infinitely many integral homotopy types of closed, simply connected, rationally elliptic 5-manifolds, which can be seen from Barden's classification of closed, simply connected 5-manifolds in [1] .
Our first theorem gives a characterization of closed, simply connected, rationally elliptic 6-manifolds in terms of their cohomology rings. Note that, in dimension up to six, every closed, simply connected manifold is formal by a theorem of Miller (see [14] ), so a classification of rational (or real) cohomology rings is equivalent to a classification of rational (or real) homotopy types. The rational (respectively real) cohomology rings of these manifolds are determined by their third Betti number and a cubic form on the second cohomology group with rational (respectively real) coefficients.
In the real case we can give a classification of the real homotopy types (for b 2 ≤ 2) and cubic forms of closed, simply connected, rationally elliptic 6-manifolds.
Theorem 1.3.
A closed, simply connected, rationally elliptic 6-manifold M has with b 2 (M ) ≤ 2 has the real homotopy type of exactly one of the following manifolds:
A similar statement for the real cubic forms associated to closed, simply connected, rationally hyperbolic 6-manifolds with b 2 = 3 and b 3 = 0 can be read off Table 2 .
In the seven-dimensional case we can classify the rational homotopy types. Note that the manifolds in the theorem have pairwise distinct rational homotopy types. Theorem 1.6. A closed, simply connected 7-manifold is rationally elliptic if and only if it has the rational homotopy type of one of the following manifolds:
Here the manifolds M 7 σ are realizations of certain minimal models which exist by a theorem of Sullivan (see [16] ). We can choose
where CP 2 denotes CP 2 with reversed orientation. For σ = [±1] we do not know of a nice realization of M σ as a manifold (see Proposition 4.6), but M σ is rationally homotopy equivalent to a nonnegatively curved orbifold (see Remark 4.5) . The manifold N 7 is a homogeneous space (SU(2)) 3 / T 2 . Furthermore N 7 is an example of a non-formal manifold (see [4, Example 2.91] ). This paper is organized as follows. In Section 1 we recall some preliminaries on the exponents of a rationally elliptic space and the cohomology rings of 6-manifolds. Section 3 is divided into two parts in which Theorems 1.2, 1.3 and 1.4 are proven. In Section 4, we prove Theorem 1.6 and we also give a classification of the real and complex homotopy types of closed, simply connected, rationally elliptic 7-manifolds. In Section 5 we state and prove some partial classification results in dimensions 8 and 9.
The results in this article were part of the author's dissertation (see [9] ) at the Karlsruhe Institute of Technology. The author wishes to thank his advisor Wilderich Tuschmann and Anand Dessai for helpful and stimulating discussions.
Preliminaries
For rational homotopy theory, we use the book [3] as a reference and use its notation. For the convenience of the reader, we give a quick overview of the notation we use.
For a graded vector space V = k≥0 V k , we denote by ΛV the tensor product of the polynomial algebra on V even = k≥0 V 2k and the outer algebra on V odd = k≥0 V 2k+1 . If x 1 , . . . , x n is a basis of V then we also write Λ(x 1 , . . . , x n ) for ΛV . The elements of degree k in the graded algebra ΛV will be denoted by (ΛV ) k , while we denote by Λ k V the linear subspace generated by elements of word length k in V . Furthermore ΛV k = Λ(V k ).
For the definitions of commutative differential graded algebras ("cdga" for short), minimal Sullivan algebras and the fundamental results relating these algebraic notions with the rational homotopy types of (simply connected) spaces we refer the reader to [3] and [4] .
If (ΛV, d)
is the rational minimal model of a simply connected space X, then
Exponents.
Recall that the (a-and b-)exponents of a rationally elliptic, minimal Sullivan algebra (ΛV, d) are a ∈ N r and b ∈ N q if there exist homogeneous bases x 1 , . . . , x r of V even and y 1 , . . . , y q of V odd , such that |x i | = 2a i and |y j | = 2b j − 1. The pairs of tuples a ∈ N q and b ∈ N r that arise as exponents of rationally elliptic minimal Sullivan algebras have a purely arithmetic description.
Definition (Strong arithmetic condition (SAC)). The tuples a ∈ N q and b ∈ N r satisfy (SAC) if for all 1 ≤ s ≤ q and
for all k = 1, . . . , s.
Friedlander and Halperin showed in [5] that a ∈ N q and b ∈ N r with b j ≥ 2 for j = 1, . . . , r arise as the exponents of a simply connected, rationally elliptic minimal Sullivan algebra if and only if they satisfy (SAC). Furthermore the exponents of a simply connected, rationally elliptic minimal Sullivan algebra (ΛV, d) satisfy (see [3] )
where n is the formal dimension of (ΛV, d) i.e. the largest integer k such that H k (ΛV, d) = 0. This is enough to compute the possible vector spaces V that arise in the minimal models (ΛV, d) of closed, simply connected manifolds of a given dimension.
2.2.
Cohomology rings of 6-manifolds. Let K be a field of characteristic zero. By a result of Miller [14] , in dimensions ≤ 6 every closed, simply connected manifold M is formal, i.e. its minimal model over K is also a minimal model for the cdga (H * (M ; K), 0). Due to the uniqueness of the minimal model, two formal spaces have the same K-homotopy type if and only if their cohomology rings with coefficients in K are isomorphic. Therefore, in dimension 6 we only need to consider the cohomology rings.
The isomorphism class of the cohomology ring H * (M ; K) of a closed, simply connected 6-manifold M is determined by the dimension of H 3 (M ; K) and the equivalence class of the cubic form on H 2 (M ; K) given by the cup product to H 6 (M ; K) ∼ = K. The equivalence relation we use is given by changing the basis of H 2 (M ; K) and scaling the form by a number in K (the scaling isn't necessary for K = R or C).
By a result of Wall [17] , every rational cubic form is also realizable as the form associated to a closed, simply connected, spin manifold of dimension 6 with b 3 = 0 and torsion free homology.
We will use two equivalent definitions of cubic forms on a vector space V of finite dimension n in this paper. The first is that of a symmetric multilinear map F : V × V × V → K, which is uniquely determined by the coefficients F ijk = F (e i , e j , e k ) with i ≤ j ≤ k for some basis e 1 , . . . , e n of V. The second description is that of a homogeneous polynomial of degree 3 in n variables.
These definitions can be identified via [15] ). A closed, simply connected, rationally elliptic 6-manifold has one of the following exponents:
In four of these cases the minimal model is already determined by its vector space structure. • (6.2) is rationally homotopy equivalent to CP 3 ;
• (6.3) is rationally homotopy equivalent to S 6 ;
• (6.5) is rationally homotopy equivalent to S 2 × S 4 ,
We will now deal with case (6.4). Let (ΛṼ , d) = (Λ(x 1 , x 2 , y 1 , y 2 ), d) be given by |x i | = 2, |y 1 | = 3, |y 2 | = 5 and dx i = 0, dy 1 = x 2 1 + f 2 x 2 2 , and
Note that the minimal model of a closed, simply connected, rationally elliptic 6-manifold with exponents like in (6.4) is of this form: The quadratic form given by dy 1 cannot vanish, so one can choose an orthogonal basis for it and rescale. 
Proof. To see that ( * ) is necessary, one can compute the determinant of the differential
To see that ( * ) is sufficient we only need to prove that H * (ΛṼ , d) is finite dimensional. If we have done so, the formal dimension needs to be 6 due to its exponents. By a theorem of Halperin (see [8, Theorem 3] ) the cohomology then satisfies Poincaré duality, which in dimensions not divisible by four is the only obstruction to a manifold realization (see [16] or [4] ). We show that dim H ≥9 (ΛṼ , d) = 0 by an elementary calculation.
Let k ≥ 4. It is easy to see that d 2k is injective when restricted to the span of
The image of d 2k+1 is generated by
Look at
Remark 3.4. It is easy to see that the equivalence class of f 2 in Q/(Q * ) 2 is an invariant of the isomorphism class of (ΛṼ , d). Since for every f 2 ∈ Q, one can choose g 1 , . . . , g 4 such that ( * ) holds, there are infinitely many rational homotopy types of closed, simply connected, rationally elliptic with b 2 = 2, in contrast to real homotopy types of these.
Let ω 1 and ω 2 be the cohomology classes of x 1 and x 2 and α 1 = f 2 g 1 −g 3 and
Since we can use
Ω to define the cubic form F associated to H * (ΛṼ , d), it is given by the components
and because of ( * ), we have α 2 = ± √ −f 2 α 1 .
On the other hand, every cubic form that is of this form with given f 2 , α 1 , α 2 ∈ Q satisfying α 2 = ± √ −f 2 α 1 is realized by a minimal model (ΛṼ , d) of a closed, simply connected, rationally elliptic 6-manifold. Lemma 3.5. Let F be a cubic form on a two-dimensional vector space V over Q. Then there is a basis of V and f 2 , α 1 , α 2 ∈ Q such that the components of F in this basis are given by
Proof. First we prove that it is possible to find a basis such that 
so we can arrangeF 111F122 =F 2 112 if the basis doesn't already satisfy
So assume now that
, respectively. Lemma 3.6. If a cubic form F on two-dimensional vector space over Q is not realized by one of the above models (ΛṼ , d) satisfying ( * ) then it is equivalent to the form associated to (
Proof. Under a general change of basisx 1 = ax 1 + bx 2 ,x 2 = cx 1 + dx 2 and only assuming F 111 F 222 = F 112 F 122 : By the last lemma and the discussion preceding it, we can assume that a cubic form F , which is not realized by one of the above models (ΛṼ , d) with ( * ), satisfies The proof of Theorem 1.2 is now easy. If on the other hand a manifold falling into case (e) is given, then the minimal model has the above form and the manifold is rationally elliptic.
The real case (proof of Theorems 1.3 and 1.4).
The big difference in the real case is that binary and ternary real cubic forms have been classified in [13, Lemmas 3 and 4] . For the rest of this section we will use the definition of a cubic form as a homogeneous polynomial of degree 3 as it is used there. A binary real cubic form is equivalent to exactly one of 0, x 3 , x 2 y, x 3 + y 3 and x 2 y − xy 2 .
A ternary real cubic form is equivalent to exactly one of the forms
• xyz,
if it is singular.
If it is nonsingular, then it is equivalent to exactly one of the forms
Lemma 3.7. The binary real cubic forms are realized by the following manifolds:
Proof. The first four are easy to see. The cohomology ring of SU(3)/T 2 has been calculated in [12] and is H * (SU(3)/T 2 ; R) = Λ(
) with |x i | = 2. Therefore x 3 1 = x 3 2 = 0 and x 2 1 x 2 = −x 1 x 2 2 . So the associated cubic form is as stated.
Of these manifolds, CP 2 × S 2 , CP 3 #CP 3 and SU(3)/T 2 are the rationally elliptic ones, since they have their rational cohomology ring generated by H 2 . Since the closed, simply connected, rationally elliptic 6-manifolds with second Betti number b 2 ≤ 1 have been identified before, this already proves Theorem 1.3.
For the proof of Theorem 1.4, we start with the following models.
and suppose there is a z ∈ C 3 \{(0, 0, 0)} with u i (z) = 0 for i = 1, 2, 3. Since z 2 1 = λz 2 z 3 , z 2 2 = λz 1 z 3 and z 2 3 = λz 1 z 2 , we have z i = 0 for i = 1, 2, 3. 
The cubic form associated to (ΛV, d λ ) is x 3 +y 3 +z 3 +6 1 λ xyz if λ = 0 and xyz if λ = 0. So if a closed, simply connected 6-manifold with b 3 = 0 has one of these forms associated to it, it is rationally elliptic. As the models (ΛV, d λ ) with λ ∈ Q \ {1} can obviously be defined over the rational numbers, they can be realized as minimal models of a closed, simply connected 6-manifold and we get the following. Proposition 3.8. There are infinitely many real homotopy types of closed, simply connected, rationally elliptic 6-manifolds.
For the remaining cubic forms we can use the same trick. Given a cubic form, we can associate the subspace of the homogenous polynomials of degree 2 in R[x 1 , x 2 , x 3 ] which vanish in the associated cohomology ring H * (M ; R) of some closed, simply connected 6-manifold. To do this, one uses that such
. The proof of Theorem 1.4 will be completed by the following lemma. 
Lemma 3.9. The subspaces associated to the cubic forms xyz, z(x 2 + y 2 ), z(x 2 + y 2 − z 2 ), x(x 2 + y 2 − z 2 ), x(x 2 + y 2 + z 2 ), x 3 + 3x 2 z − 3y 2 z, x 3 − 3x 2 z − 3y 2 z, and x 3 + y 3 + z 3 + 6σxyz for σ ∈ {0, 1, − 1 2 } are generated by a regular sequence, while the ones associated to 0, x 3 , x 2 y, x 2 y − xy 2 , x(x 2 + y 2 ), x(xz − y 2 ), x 3 − 3y 2 z and x 3 + y 3 + z 3 + 6σxyz for σ ∈ {0, 1} are not generated by a regular sequence.
Proof. Bases for the associated subspaces are given in Table 1 . The regularity of the sequences associated to xyz, z(x 2 + y 2 ), z(x 2 + y 2 − z 2 ), x(x 2 + y 2 − z 2 ), x(x 2 + y 2 + z 2 ), x 3 + 3x 2 z − 3y 2 z, x 3 − 3x 2 z − 3y 2 z, and x 3 +y 3 +z 3 +6σxyz for σ ∈ {0, 1, − 1 2 } is seen using the application of Hilbert's Nullstellensatz already used in the discussion following Lemma 3.7. Except for the ones associated to x(xz −y 2 ) and x 3 +y 3 +z 3 +6σxyz with σ ∈ {0, 1}, all non-regular sequences contain two elements of the form x i x j and x i x k with {i, j, k} = {1, 2, 3}. These are non-regular, since x i x j · x k ∈ (x i x k ). For x(xz − y 2 ), the two elements x 2 3 and x 2 x 3 allow a similar construction and the last case has been treated above. 
with b 3 = 0 elliptic
In some of these cases we can give examples of manifolds which have these cubic forms, see . They are certain biquotients that have been studied by DeVito [2] . They are given as quotients of S 3 × S 3 × S 3 by a T 3 -action. The general form of the actions is given by
where (u, v, w) ∈ T 3 and ((p 1 , p 2 ), (q 1 , q 2 ), (r 1 , r 2 )) ∈ (S 3 ) 3 ⊂ (C 2 ) 3 . The action is determined by the matrix The manifold B sp also is a biquotient of this form, the first of the sporadic examples in [2] with action determined by the matrix
Their cohomology rings have been computed in [2] : ; R)
2 ),
So the associated cubic form is x 3 − 3x 2 z − 3y 2 z. 
with f 1 = x 2 x 3 , f 2 = x 2 1 − x 3 2 and f 3 = x 2 1 + x 2 3 . It follows that B 3
realizes the cubic form x(x 2 + y 2 − z 2 ).
The cubic form associated to the cohomology ring of B sp is x 3 + 3x 2 y + 3x 2 z + 6xy 2 + 6xyz + 3xz 2 + 4y 3 + 6y 2 z + 6yz 2 + 2z 3 which is nonsingular. Therefore it is equivalent to one of he cubic forms x 3 + y 3 + z 3 + 6σxyz. A numerical computation shows, that σ ≈ 0.27788 for B sp .
Seven-dimensional manifolds
As in the six-dimensional case we start with the computation the possible exponents.
Lemma 4.1. A closed, simply connected, rationally elliptic 7-manifold has one of the following exponents:
Again, most exponents allow only finitely many rational homotopy types.
Lemma 4.2.
A closed, simply connected, rationally elliptic 6-manifold with exponents like in • (7.1) is rationally homotopy equivalent to S 7 ;
• (7.2) is rationally homotopy equivalent to S 2 × S 5 or CP 2 × S 3 ;
• (7.3) is rationally homotopy equivalent to S 3 × S 4 .
Proof. Cases (7.1) and (7.3) are easy. In case (7.2) there are generators x ∈ V 2 , y 3 ∈ V 3 and y 5 ∈ V 5 . For the differential there are three possibilities: So we are left with manifolds having exponents like in case (7.4). First note, that for a minimal Sullivan algebra (ΛV, d) with exponents like in (7.4), so that dim V 2 = 2, dim V 3 = 3 and dim V i = 0 else, the rank of d| V 3 has to satisfy rk d|
Consider the minimal Sullivan algebras
withσ ∈ Q * , |x i | = 2, |y j | = 3 and differential given by dσx i = 0 = dσy 3 , dσy 1 = x 1 x 2 and dσy 2 = x 2 1 −σx 2 2 .
Lemma 4.3. Two such models (ΛV, dσ) and (ΛV, dσ′ ) are isomorphic if and only if the equivalence classes
Proof. To see that (ΛV, dσ) is the minimal model of a 7-manifold first note
is finite dimensional and (Λ(x 1 , x 2 , y 1 , y 2 ), dσ) is rationally elliptic. By a theorem of Halperin [8, Theorem 3] , H * (Λ(x 1 , x 2 , y 1 , y 2 ), dσ) and therefore H * (ΛV, dσ) satisfy Poincaré duality, and by work of Sullivan (ΛV, dσ) is the minimal model of a closed, simply connected 7-manifold.
Since H 4 (ΛV, dσ) is one-dimensional, we can identify it with Q and get a symmetric bilinear form on H 2 (ΛV, dσ). The determinant of this form isσ if we choose x 2 1 as a generator of H 4 (ΛV, dσ) and its equivalence class in Q * /(Q * ) 2 is an invariant of the cohomology ring.
If, on the other hand,σ,σ ′ ∈ Q * with [σ] = [σ ′ ] in Q * /(Q * ) 2 are given, then σ ′ /σ ∈ Q and ϕ : (ΛV, dσ) → (ΛV, dσ′ ) defined by ϕ(x 1 ) = x 1 , ϕ(x 2 ) = σ ′ /σ x 2 , ϕ(y 1 ) = σ ′ /σ y 1 and ϕ(y j ) = y j for j = 2, 3 is an isomorphism.
Remark 4.4. One can choose
Here CP 2 denotes reversing the orientation and ≃ Q denotes being rationally homotopy equivalent.
Remark 4.5. The minimal Sullivan algebras
used in the proof define rationally elliptic spaces X σ , σ ∈ Q * /(Q * ) 2 , of formal dimension 4. These can be realized as four-dimensional orbifolds of nonnegative curvature, see [6] . The proof also shows that
The last minimal model we need to consider is
with dx i = 0, dy 1 = x 2 1 , dy 2 = x 2 2 and dy 3 = x 1 x 2 . In [4, Example 2.91] it is introduced as the minimal model of an S 3 -bundle over S 2 × S 2 . We will give a description of it as a homogeneous space. Let
and N 7 = G/K. Then, see [4, Theorem 2.71], a model for N 7 is given by (ΛW ⊕ Λ(sU ), d), where ΛW = H * (BK; Q), ΛU = H * (BG; Q), and sU denotes a shift in degree, so |su| = |u| − 1 for u ∈ U . The differential is given by dw = 0 for w ∈ W and d(su) = H * (Bι)(u) for u ∈ U and ι : H ֒→ G the inclusion. In our situation, ΛW = Λ(x 1 , x 2 ) with |x i | = 2, Λ(sU ) = Λ(y 1 , y 2 , y 3 ) with |y j | = 3. The map H * (Bι) can be computed from the inclusion of H in the standard maximal torus of G. One gets dy 1 = x 2 1 , dy 2 = x 2 2 and dy 3 = (x 1 + x 2 ) 2 , so the minimal model of N 7 is isomorphic to (ΛV, d) as above.
Proof of Theorem 1.6. By Lemma 4.2 we only need to show that a minimal model with exponents like in (7.4) is isomorphic to the minimal model of N 7 or some M 7 σ . Let (ΛV, d) be a minimal model with exponents like in (7.4). Then as we already noted rk d| V 3 ≥ 2.
can be interpreted as a symmetric bilinear form. Choose a basis x 1 , x 2 of V 2 = H 2 (ΛV, d) that diagonalizes this form. Then x 1 x 2 ∈ (ΛV ) 4 is exact, so there exists y 1 ∈ V 3 with dy 1 = x 1 x 2 . Choose y 3 ∈ ker d| V 3 . Then choose y 2 ∈ V 3 such that y 1 , y 2 , y 3 is a basis. By subtracting a multiple of y 1 , scaling and possibly interchanging x 1 and x 2 , we can assume that dy 2 = x 2 1 + ax 2 2 for some a ∈ Q. If a = 0 then for every n ∈ N, we had that x n 2 is closed but not exact, so a = 0. If rk d| V 3 = 3, then the minimal model is obviously the one of N 7 .
Using the classification of rationally elliptic manifolds in lower dimensions, the classification of low dimensional homogeneous manifolds by Klaus [12] and cohomogeneity one manifolds by Hoelscher ([10] and [11] ) one can prove the following. The classification of real homotopy types of closed, simply connected, rationally elliptic 7-manifolds now reduces to understanding which of the rational homotopy types of Theorem 1.6 give the same real one. Lemma 4.3 carries over to the real case, replacing
, and the other manifolds in Theorem 1.6 already differ by their Betti numbers, we get Proposition 4.7. A closed, simply connected 7-manifold is rationally elliptic if and only if it has the real homotopy type of one of the following manifolds:
And similarly one gets Proposition 4.8. A closed, simply connected 7-manifold is rationally elliptic if and only if it has the complex homotopy type of one of the following manifolds:
Higher dimensions
5.1. Dimension 8. As before, we start by computing the possible exponents of closed, simply connected, rationally elliptic 8-manifolds.
Lemma 5.1. A closed, simply connected, rationally elliptic 8-manifold has one of the following exponents:
In eight of these cases we show that there are only finitely many possible rational homotopy types with the given exponents. Let M be a manifold with exponents like in (8.10). Then there is a basis ω 1 , ω 2 of H 4 (M ; Q) such that ω 1 ω 2 = 0 and ω 2 1 = εω 2 2 , ε = ±1. Choose x 1 , x 2 ∈ V 4 corresponding to ω 1 , ω 2 . Then there are y 1 , y 2 ∈ V 7 with dy 1 = x 1 x 2 and dy 2 = x 2 1 − εx 2 2 . For ε = 1 this is the minimal model of HP 2 #HP 2 , for ε = −1 it is the one of S 4 × S 4 .
Remark 5.3. In case (8.10) there is an infinite family of simply connected rationally elliptic spaces that are not rationally homotopy equivalent to a manifold, analogous to the four-dimensional family X σ .
Proposition 5.4. The rational homotopy types of closed, simply connected, rationally elliptic 8-manifolds with exponents like in case (8.12) of Lemma 5.1 are exactly the ones given by the X σ × S 4 with σ ∈ Q * /(Q * ) 2 . In particular, there are infinitely many of these.
Proof. Let (ΛV, d) be the minimal model of such an 8-manifold. Then dim
Therefore rk d| V 3 = 2, so we can choose bases x 1 , x 2 of V 2 and y 1 , y 2 of V 3 such that dy 1 = x 2 1 −σx 2 2 for someσ ∈ Q and dy 2 = x 1 x 2 . Furthermore let 0 = a ∈ V 4 , then da = 0, since there are no closed elements in (ΛV ) 5 . Suppose now thatσ = 0. Then x n 2 or a n is closed, but not exact for every n, a contradiction. Soσ = 0. Now the only non-exact, closed elements of ΛV ) 8 are multiples of a 2 , so up to isomorphism, a generator z ∈ V 7 satisfies dz = a 2 , which gives the minimal model of X σ × S 4 for σ = [σ].
Since their cohomology rings are pairwise non-isomorphic, the X σ × S 4 , σ ∈ Q * /(Q * ) 2 , have different homotopy types. Since their intersection form is given by x 2 −y 2 , they can be realized as a manifold by Sullivan's realization result.
5.2. Dimension 9. Again we compute the possible exponents of closed, simply connected, rationally elliptic 9-manifolds and show that in 7 of the nine cases there are only finitely many rational homotopy types with the given exponents.
Lemma 5.5. A closed, simply connected, rationally elliptic 9-manifold has one of the following exponents:
Proposition 5.6. In cases (9.1)-(9.6) and (9.8) of Lemma 5.5 there are only finitely many rational homotopy types of closed, simply connected 8-manifolds with these exponents. They are:
Proof. In cases (9.1) and (9.2) the differential is zero. In case (9.3) the differentials of the generators y 3 and y 7 of odd degree are (after scaling) either zero or a power of the generator x 2 of degree two. They cannot both be zero. If dy 3 = x 2 2 and dy 7 = 0, we get the minimal model of S 2 × S 7 , if dy 3 = 0 and dy 7 = x 4 2 , we get the one of S 3 × CP 3 and if dy 3 = x 2 2 and dy 7 = x 4 2 , an isomorphism to the first model is given by y 7 → y 7 − x 2 2 y 3 . In case (9.4) the differential in degree 5 has a kernel and we get rational homotopy equivalence to a product with S 5 . The classification in dimension 4 shows that it is S 5 × CP 2 . The same works for (9.5). In (9.6) and (9.8) we get a product with S 3 and use the classification in dimension 6. Proposition 5.7. A closed, simply connected 9-manifold with exponents like in (9.7) of Lemma 5.5 has the rational homotopy type of X σ × S 5 (see Remark 4.5) for some σ ∈ Q * /(Q * ) 2 or M 6 × S 3 for a closed, simply connected, rationally elliptic 6-manifold M 6 with b 2 (M 6 ) = 2.
Proof. Let (ΛV, d) be the minimal model of a closed, simply connected rationally elliptic 9-manifold M . If ker(d| V 3 ) = {0}, then M ≃ Q X ×S 3 , where X is of formal dimension 6. Since X is rationally elliptic, X ≃ Q M 6 , with M 6 like in the statement of the proposition.
If ker(d| V 3 ) = {0}, then dim H 4 (ΛV, d) = 1. We can then choose bases x 1 , x 2 of V 2 and y 1 , y 2 of V 3 such that dy 1 = x 1 x 2 and dy 2 = x 2 1 + ax 2 2 for some a ∈ Q. If a = 0, then (ΛV, d) is isomorphic to the minimal model of X σ × S 5 with σ the equivalence class of a.
Suppose now a = 0. Then, up to isomorphism, we can choose 0 = z ∈ V 5 with dz = x 3 2 . To see that this is not a minimal model of a 9-manifold, compute H 11 (ΛV, d). Let U be the subspace of (ΛV ) 11 generated by y i x In the remaining case (9.9) of Lemma 5.5 there are products M σ × S 2 and N 7 × S 2 of seven-dimensional manifolds with S 2 and products of S 3 with closed, simply connected, rationally elliptic 6-manifolds with b 2 = 3. But there are also examples not having the rational homotopy type of a product.
As an example of such a manifold consider the principal S 1 -bundle Y over S 2 × S 2 × S 2 × S 2 with first Chern class c 1 (Y ) = x 1 + x 2 + x 3 + x 4 , where the x i are generators of the integral cohomology rings of the S 2 factors. Using the Serre spectral sequence one can compute the cohomology ring of Y . Now suppose Y is rationally homotopy equivalent to a product. Due to the classification in dimensions 5 and below, it then has the rational homotopy type of a product with S 2 , S 3 or S 5 . A product with S 5 is not possible, since b 2 (Y ) = 3 and b 2 (X) ≤ 2 for a rationally elliptic space of formal dimension 4. As b 3 (Y ) = 0, we can also exclude a product with S 3 . By our classification in dimension 7, the last case is that of a product M σ × S 2 or N 7 × S 2 . To exclude this, consider the set of elements of H 2 (.; Q) with vanishing square. For M σ × S 2 this is the union of two one-dimensional subspaces, for N 7 × S 2 it is the union of a one and a two-dimensional subspace, while for Y it is the union of four one-dimensional subspaces.
